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In order to avoid the numerical difﬁculties in locally enforcing the incompressibility constraint using the
displacement formulation of the Finite Element Method, slight compressibility is typically assumed when
simulating transversely isotropic, soft tissue. The current standard method of accounting for slight com-
pressibility of hyperelastic soft tissue assumes an additive decomposition of the strain-energy function
into a volumetric and a deviatoric part. This has been shown, however, to be inconsistent with the linear
theory for anisotropic materials. It is further shown here that, under hydrostatic tension or compression,
a transversely isotropic cube modelled using this additive split is simply deformed into another cube
regardless of the size of the deformation, in contravention of the physics of the problem. A remedy for
these defects is proposed here: the trace of the Cauchy stress is assumed linear in both volume change
and ﬁbre stretch. The general form of the strain-energy function consistent with this model is obtained
and is shown to be a generalisation of the current standard model. A speciﬁc example is used to clearly
demonstrate the differences in behaviour between the two models in hydrostatic tension and
compression.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The assumption of perfect incompressibility has been central to
the successful application of the theory of non-linear elasticity to
practical problems. Rivlin (1948, 1949) realised that the idealisa-
tion of incompressibility enables a number of boundary values
problems that have a direct physical relevance for non-linearly
elastic materials to be solved exactly. These solutions have played
an essential role in the modelling of elastomeric materials, in par-
ticular. The assumption of incompressibility for soft tissue is moti-
vated primarily by its high water content (Vito and Dixon, 2003).
Experimental data supporting this hypothesis is limited, with only
the work of Carew et al. (1968) suggesting that, for most practical
purposes, arterial tissue can be considered to be incompressible.
However these solutions are of only limited value when simu-
lating the mechanical response of biological soft tissue in situ
because of the complexity of the geometry and the boundary
conditions of a typical problem. Therefore in order to obtain
predictions of this mechanical response, numerical simulations
are a necessity, with the Finite Element Method (FEM) being thestandard numerical method of choice. There is a practical difﬁculty,
however, with locally enforcing the incompressibility constraint
using the usual displacement formulation of FEM. A common solu-
tion to this problem is to assume that soft tissue is slightly com-
pressible instead. This, however, only has the effect of
transferring a problem with the numerical implementation of
FEM into a constitutive problem as there is no generally accepted
method of modelling slight compressibility. Although many meth-
ods of modelling slight compressibility have been proposed (see,
for example, Zienkiewicz and Taylor, 2005), the most popular
method is to additively decompose the strain-energy function,
assuming hyperelasticity, into a volumetric and a deviatoric part.
This decomposition is usually introduced without motivation,
although exceptionally Weiss et al. (1996) do acknowledge that
the chief motivation is mathematical convenience rather than
physics and certainly there is no experimental evidence ever
advanced to support this key assumption.
There is some theoretical support for this decomposition
(Sansour, 2008; Horgan and Murphy, 2009; Ní Annaidh et al.,
2013): the additive decomposition of a strain-energy function into
volumetric and deviatoric parts is equivalent to assuming that the
hydrostatic Cauchy stress, deﬁned as the sum of the principal stres-
ses, is a function only of the volume change of thematerial. But even
this argument only seems convincing for isotropic materials;
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depend also on the orientation of the ﬁbres if anisotropic soft tissue
was being considered. It’s likely that the additive decomposition
that seems reasonable for isotropic materials was simply adopted
for anisotropicmaterialswithout proper consideration of the conse-
quences. Some seemingly unreasonable consequences of this
assumption have been noted recently. Helfenstein et al. (2010)
noted an unphysical response of growing lateral stretches in simula-
tions of uniaxial stress experimentsbasedon the additive split.More
fundamentally, Vergori et al. (2013) have showed that the linear
theory for anisotropic materials is not fully recoverable from the
non-linear theorybasedon theusual decomposition,with the result,
for example, that transversely isotropic spheres remain spherical
under hydrostatic tension for inﬁnitesimal strains. It is further
shown here that this unphysical property of the standard model in
hydrostatic tension is characteristic of thesematerials for all strains.
To remedy these deﬁciencies of the current standard model of
slight compressibility, it is proposed here that the hydrostatic
Cauchy stress is a natural quantity about which constitutive
assumptions should bemadewhenmodelling slight compressibility
due to the importance of accurately capturing the physics of the
experiment in which the faces of cuboid specimens are subjected
to the same traction. There is some limited experimental evidence
due to Penn (1970) for vulcanised natural rubbers to suggest that
the hydrostatic Cauchy stress is linear in the volume change; this
is essentially the assumption that is usually made implicitly in the
standardmodel of slight compressibility andwill bemade explicitly
here. In the absence of experimental data to suggest otherwise, it
will also be assumed that the hydrostatic Cauchy stress is also linear
in theﬁbre stretch, an assumptionbasedonanalogywith thevolume
change assumption and on the basis that in typical experiments the
ﬁbre change is likely to be inﬁnitesimal and therefore well approxi-
mated by the linearity assumption. The further assumption of an
additive dependence on both volume change and ﬁbre stretch for
the hydrostatic Cauchy stress leads to a model that recovers the
standard model of compressibility as a special case. This is a key
advantage of the method proposed here as it allows many of the
previously developed models to be directly incorporated within
the new approach. An additional essential feature of the new
method is that the linear theory for anisotropicmaterials canbe fully
recovered on restriction to inﬁnitesimal deformations.
There is a serious and compelling need for the accurate repre-
sentation of small volume changes in anisotropic soft tissue
because numerical simulations of soft tissue are now an essential
tool in the solution of some serious medical problems. One press-
ing problem, for example, is the design and development of protec-
tive systems to reduce diffuse axonal injury due to shear strains
produced at the moment of injury to the head (Johnson et al.,
2013); a mathematical model of slight compressibility that’s ﬁt
for purpose is an essential requirement for such an endeavour. It
is hoped that the analysis presented here will be a contribution
towards the establishment of a rational model of slight compress-
ibility that has universal acceptance.
2. Preliminaries
Let F  @x=@X denote the deformation gradient tensor, with
J  detF and B; C the left and right Cauchy–Green deformation
tensors respectively, which are therefore positive deﬁnite and
symmetric. The corresponding principal strain invariants are
deﬁned by
I1 ¼ trðBÞ; I2 ¼ 12 I
2
1  tr B2
 h i
; I3 ¼ detðBÞ ¼ J2
and are therefore positive. Consider now a transversely isotropic,
non-linearly elastic material with a preferred direction M in theundeformed conﬁguration. The so-called pseudo-invariants are
deﬁned by
I4 ¼ M  CM; I5 ¼M  C2M: ð2:1Þ
Since the preferred direction M in the undeformed conﬁguration is
transformed into the vector FM in the deformed conﬁguration,
I4 ¼M:CM ¼ FM  FM is therefore the squared stretch of line
elements aligned in the original direction of anisotropy.
The constitutive law for compressible, homogeneous, trans-
versely isotropic, non-linearly hyperelastic materials is given by
(Ogden, 2003)
Jr ¼ 2W1Bþ 2W2 I1B B2
 
þ 2I3W3I þ 2W4FM  FM
þ 2W5 FM  BFM þ BFM  FMð Þ; ð2:2Þ
where r denotes the Cauchy stress and W ¼W I1; I2; I3; I4; I5ð Þ is the
strain-energy function per unit undeformed volume with attached
subscripts denoting partial differentiation with respect to the
appropriate principal strain invariant or pseudo-invariant. To
ensure that the stress is identically zero in the undeformed conﬁg-
uration, it will be required that
W01 þ 2W02 þW03 ¼ 0; W04 þ 2W05 ¼ 0; ð2:3Þ
where the 0 superscript denotes evaluation at I1 ¼ I2 ¼ 3; Ij ¼ 1;
j ¼ 3;4;5. It will also be assumed that the strain energy vanishes
in the undeformed conﬁguration, i.e., that
W0 ¼ 0: ð2:4Þ
The preferred direction is usually physically induced by the pres-
ence of ﬁbres embedded in an elastic matrix and we will also
assume this. The trace operator will play an important role in
motivating the new models of slight compressibility introduced
here. Taking the trace of both sides in (2.2) yields
I1=23 trr ¼ 2I1W1 þ 4I2W2 þ 6I3W3 þ 2I4W4 þ 4I5W5: ð2:5Þ3. The linear theory
Let x1; x2; x3ð Þ denote the Cartesian coordinates of a typical point
of a linear, transversely isotropic solid and assume without loss of
generality, that the x3 axis is aligned along the axis of symmetry.
Denoting the inﬁnitesimal strain tensor by  and using an obvious
notation for Cartesian tensor components, then (see, for example,
Lubarda and Chen, 2008)
11
22
33
223
213
212
2
666666664
3
777777775
¼
S11 S12 S13 0 0 0
S12 S11 S13 0 0 0
S13 S13 S33 0 0 0
0 0 0 S44 0 0
0 0 0 0 S44 0
0 0 0 0 0 2 S11  S12ð Þ
2
666666664
3
777777775
r11
r22
r33
r23
r13
r12
2
666666664
3
777777775
;
ð3:1Þ
where the compliances Sij can be deﬁned in terms of material
constants as follows:
S11 ¼ 1E ; S33 ¼
1
E0
; S12 ¼  mE ; S13 ¼ 
m0
E0
; S44 ¼ 1l0
; ð3:2Þ
where E; E0 are the Young’s moduli in the plane of isotropy and in
the ﬁbre direction respectively, m is Poisson’s ratio in the plane of
isotropy when forces are applied in the orthogonal direction within
the plane of isotropy, m0 is Poisson’s ratio when forces are applied in
the ﬁbre direction and l; l0 are the shear moduli in the plane of
isotropy and in any plane perpendicular to the plane of isotropy
respectively, noting that
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2 1þ mð Þ :
In what follows, it will be assumed that E; E0; l; l0; 1þ m > 0.
Inversion of the normal strain–stress relations in (3.1) yields
r11
r22
r33
2
64
3
75 ¼
c11 c12 c13
c12 c11 c13
c13 c13 c33
2
64
3
75
11
22
33
2
64
3
75; ð3:3Þ
where the elastic constants cij are given by
c11 ¼ E
2m20  EE0
1þ mð Þ 2Em20 þ E0 m 1ð Þ
  ;
c12 ¼  E
2m20 þ EE0m
1þ mð Þ 2Em20 þ E0 m 1ð Þ
  ;
c13 ¼  EE0m02Em20 þ E0 m 1ð Þ
;
c33 ¼ E
2
0 m 1ð Þ
2Em20 þ E0 m 1ð Þ
ð3:4Þ
assuming that 2Em20 þ E0 m 1ð Þ– 0. The shear stress–strain law has
the form
r23 ¼ 2c4423;
r13 ¼ 2c4413;
r12 ¼ c11  c12ð Þ12; ð3:5Þ
where
c44 ¼ l0; c11  c12 ¼
E
1þ m ¼ 2l: ð3:6Þ
Note that in terms of the usual physical constants of the linear the-
ory, expressing strain as a function of stress seems a more natural
representation than the classical stress–strain relation (3.3)–(3.6).
Such strain–stress relations have been promoted recently by
Rajagopal and Srinivasa (2009), Rajagopal (2010) and Bustamante
and Rajagopal (2010).
In addition to the initial conditions (2.3), (2.4) assumed earlier,
to ensure compatibility of the stress–strain relation (2.2) with the
linear theory, Schröder and Neff (2003) and Merodio and Ogden
(2005) have shown that the following restrictions on the
strain-energy function must also be imposed:
W011 þ 4W012 þ 4W022 þ 2W013 þ 4W023 þW033 ¼ c11=4;
W02 þW03 ¼ c12  c11ð Þ=4 W01 þW02 þW05 ¼ c44=2;
W014 þ 2W024 þ 2W015 þW034 þ 4W025 þ 2W035 ¼ c13  c12ð Þ=4;
W044 þ 4W045 þ 4W055 þ 2W05 ¼ c33  c11 þ 2c12  2c13ð Þ=4: ð3:7Þ
Utilising the initial conditions (2.3) results in the following alterna-
tive form for the third of these:
W05 ¼ 
1
2
W04 ¼
1
4
c12 þ 2c44  c11ð Þ: ð3:8Þ
In terms of the physical constants considered here, these restric-
tions become
W011 þ 4W012 þ 4W022 þ 2W013 þ 4W023 þW033
¼ E
2m20  EE0
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  ;W02 þW03 ¼  E4 1þ mð Þ ;
W05 ¼
2l0 1þ mð Þ  E
4 1þ mð Þ ;W
0
14 þ 2W024 þ 2W015 þW034 þ 4W025
þ 2W035 ¼
EE0 m m0  mm0ð Þ þ E2m20
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  ;
W044 þ 4W045 þ 4W055 þ 2W05
¼ EE0 1 2mþ 2m0 þ 2mm0ð Þ  3E
2m20 þ E20 m2  1
 
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  : ð3:9ÞIt is generally accepted as a modelling axiom that the corresponding
linear theory should be fully recoverable from a non-linear model
on restriction to inﬁnitesimal deformations. Therefore no restric-
tions should be imposed on the physical constants by the form of
the non-linear theory in the absence of experimental data to
support such restrictions. It follows immediately therefore from
the initial condition (2.3)2 and (3.9)3 that the strain-energy function
must depend on both anisotropic invariants, a point developed more
fully in Murphy (2013), Destrade et al. (2013) and Feng et al. (2013).
It has been shown recently by Vergori et al. (2013) that the
standard method of accounting for slight compressibility discussed
in Section 5 does not satisfy this modelling axiom. This violation
results, for example, in a transversely isotropic sphere remaining
spherical under hydrostatic tension for inﬁnitesimal strains,
almost certainly a non-physical result. Alternatives therefore are
needed. Before these alternatives are discussed, the theory of linear
elasticity for slightly compressible transversely isotropic materials
is considered to gain some insight into the forms of viable models
of almost incompressible behaviour.
4. The linear theory and slight compressibility
If a material is suspected of being slightly compressible, then
the natural ﬁrst step in the modelling of this physical characteristic
is consideration of the linear theory, even though the material
might typically undergo non-linear deformations in applications.
The material will be assumed homogenous and hyperelastic. The
insights that can be gained from the linear theory will be explored
in turn for isotropic and transversely isotropic materials. The quan-
tity of particular interest here in each case is the measure of inﬁn-
itesimal volume change, tr, recalling that  is the inﬁnitesimal
strain tensor.
4.1. Isotropic materials
The classical stress–strain relation for isotropic, linearly elastic
materials is given by
r ¼ ktr I þ 2l;
where I denotes the identity tensor and k; l are the usual Lamé
constants. In terms of the Young’s modulus E and Poisson’s ratio m,
this relation has the form
r ¼ mE
1þ mð Þ 1 2mð Þ tr I þ
E
1þ m: ð4:1Þ
Taking the trace of both sides then yields
tr ¼ 1 2m
E
trr: ð4:2Þ
It is rarely, if ever, explicitly stated that the applied stress is of
the order of Young’s modulus for isotropic, soft materials, even in
the nonlinear regime. Let r^  r=E denote the corresponding non-
dimensional stress measure. Then (4.2) becomes
tr ¼ 1 2mð Þtr r^:
Two assumptions are typically used in the literature to characterise
slight compressibility of elastomers: inﬁnitesimal volume change
and/or m  1=2. The relationship between these is now clear: the
volume change and 1 2m are of the same order.
4.2. Transversely isotropic materials
For these materials, it follows from (3.1) that
tr ¼ r11 þ r22ð Þ 1 mE 
m0
E0
 
þ r33 1 2m0E0 :
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and along the ﬁbres are of OðEÞ and OðE0Þ respectively. Non-
dimensionalising the stresses in the obvious way then yields
tr ¼ r^11 þ r^22ð Þ 1 m m0 EE0
 
þ r^33 1 2m0ð Þ:
It follows then that for an inﬁnitesimal volume change tending
towards zero,
m0 ! 1=2; m! 1 E2E0 : ð4:3Þ
In practical applications of ﬁbre-reinforced materials
E
E0
 1 ð4:4Þ
and therefore
m! 1:
Conversely
trr ¼ 11 þ 22ð Þ c11 þ c12 þ c13ð Þ þ 33 2c13 þ c33ð Þ
¼ 11 þ 22 þ 33ð Þ c11 þ c12 þ c13ð Þ
þ 33 c13 þ c33  c11  c12ð Þ
¼ 11 þ 22ð Þ EE0 1þ m0ð ÞE0 1 mð Þ  2Em20
 
þ 33
 2EE0m0 þ E
2
0 1 mð Þ
E0 1 mð Þ  2Em20
¼ tr EE0 1þ m0ð Þ
E0 1 mð Þ  2Em20
þ 33 EE0 m0  1ð Þ þ E
2
0 1 mð Þ
E0 1 mð Þ  2Em20
: ð4:5Þ
It follows then that hydrostatic stress and strain are equivalent for
transversely isotropic materials if, and only if, either
c13 þ c33 ¼ c11 þ c12; ð4:6Þ
a result previously obtained by, for example, Musgrave (1970) and
Vergori et al. (2013), or, in terms of the physical constants,
EE0 m0  1ð Þ þ E20 1 mð Þ ¼ 0: ð4:7Þ
If m0 ¼ 1 this condition is satisﬁed if m ¼ 1 and if m0 – 1, then
E
E0
¼ m 1
m0  1 :
Satisfaction of this identity for any real material is highly unlikely
and, almost certainly, for linear transversely isotropic materials
hydrostatic stress does not result in hydrostatic strain and vice
versa.
It follows then from (4.5) that there are essentially two bulk
moduli for transversely isotropic materials
j1  EE0 1þ m0ð ÞE0 1 mð Þ  2Em20
; j2  EE0 m0  1ð Þ þ E
2
0 1 mð Þ
E0 1 mð Þ  2Em20
: ð4:8Þ
Some indication of the size and sign of these constants is useful.
Liao et al. (1997) obtained the following values of the elastic
constants for argillite rock:
E¼68:34GPa; E0 ¼51:35GPa; l0 ¼20:98GPa; m¼0:196; m0 ¼0:163
and therefore
j1 ¼ 108:39 GPa; j2 ¼ 21:70 GPa;
which shows that at least the second of the bulk moduli can be neg-
ative. Typical values of these parameters for soft tissue can be
inferred from, for example, the experimental data of Morrow et al.
(2010) who found that
E0 ¼ 447 kPa; E ¼ 22 kPa; ð4:9Þusing data from simple tension experiments on the extensor digito-
rum longus muscles of rabbits. Motivated by the limits (4.3) for
m; m0 derived earlier, it will be assumed that
m ¼ 0:95; m0 ¼ 0:49: ð4:10Þ
The corresponding values for the bulk moduli are therefore
j1 ¼ 1243 kPa; j2 ¼ 442 kPa; ð4:11Þ
which values suggest that for strongly anisotropic soft tissue both
bulk moduli are positive.
5. The standard model of slight compressibility
The interesting problems in biomechanics invariably involve
complicated biological materials, boundaries and boundary condi-
tions and the solutions to such problems therefore require numer-
ical methods. Because of its high water-content, soft tissue is
typically assumed to be incompressible. However there are major
difﬁculties in enforcing this constraint locally and to avoid these
difﬁculties soft tissue is usually assumed to be slightly compress-
ible instead. There is no standard formulation of slight compress-
ibility. The usual approach (see, for example, Ogden, 1997;
Holzapfel, 2000) is ﬁrst to reformulate the kinematics in terms of
the modiﬁed or distortional stretches, k	i , deﬁned as
k	i  J1=3ki: ð5:1Þ
The motivation for doing this is to develop a theory that has close
parallels with the now classical theory of perfectly incompressible
materials since k	1k
	
2k
	
3 ¼ 1. The tensorial measures of deformation
can therefore be multiplicatively decomposed into dilatational
and volume-preserving parts as follows:
F ¼ J1=3I
 
F	 ¼ J1=3F	;
B ¼ J2=3I
 
B	 ¼ J2=3B	;
C ¼ J2=3I
 
C	 ¼ J2=3C	 ð5:2Þ
with the relationship between the two sets of invariants
fI1; I2; I3; I4; I5g and fI	1; I	2; I	4; I	5; Jg given by
I	a ¼ J2=3Ia; a 2 f1;4g; I	b ¼ J4=3Ib; b 2 f2;5g; I	3 ¼ 1:
ð5:3Þ
In terms of the modiﬁed stretches, the stress–strain relation (2.2)
becomes
Jr ¼ J @W
	
@J
I þ 2W	1 B	 
1
3
I	1I
 
þ 2W	2 I	1B	  B	ð Þ2 
2
3
I	2I
 	
þ 2W	4 F	M  F	M 
1
3
I	4I
 
þ 2W	5 F	M  B	F	M þ B	F	M  F	M 
2
3
I	5I
 
; ð5:4Þ
where, now, the subscripts attached to W	 ¼W	 I	1; I	2; I	4; I	5; J
 
denote partial differentiation with respect to the modiﬁed invari-
ants. The constitutive assumption that is widely assumed to be spe-
ciﬁc to slightly compressible materials is that the strain-energy
function in (5.4) can be additively decomposed into dilatational
and volume preserving parts as:
W	 I	1; I
	
2; I
	
4; I
	
5; J
  ¼ f ðJÞ þW I	1; I	2; I	4; I	5 : ð5:5Þ
This is the form of slight compressibility adopted by most commer-
cial Finite Element developers. The stress–strain relation for these
slightly compressible materials will therefore have the form
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1I
 
þ 2W2 I	1B	  B	ð Þ2 
2
3
I	2I
 	
þ 2W4 F	M  F	M  13 I
	
4I
 
þ 2W5 F	M  B	F	M þ B	F	M  F	M  23 I
	
5I
 
; ð5:6Þ
where to ensure zero strain energy and stress in the reference con-
ﬁguration it will be required that
f ð1Þ þW 3;3;1;1ð Þ ¼ 0;
f 0ð1Þ ¼ 0; W4 3;3;1;1ð Þ þ 2W5 3;3;1;1ð Þ ¼ 0: ð5:7Þ
This model will be called the standard model of slight
compressibility.
The restrictions imposed by (3.9) on the standard model of
slight compressibility (5.5) will now be obtained. Substituting this
strain-energy into (3.9) yields
9f 00 1ð Þ ¼ E
2
0 1 mð Þ  2EE0 2þ m0ð Þ
2Em20 þ E0 m 1ð Þ
;
W01 þW02 ¼
E
4 1þ mð Þ ; W
0
5 ¼
2l0 1þ mð Þ  E
4 1þ mð Þ ;
W044 þ 4W045 þ 4W055 þ 2W05 ¼
3EE0 mþ m0 þ mm0ð Þ  3E2m20
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  ;
W044 þ 4W045 þ 4W055 þ 2W05 ¼
EE0 1 2mþ2m0 þ 2mm0ð Þ3E2m20 þ E20 m2  1
 
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  :
ð5:8Þ
The last two of these are compatible if, and only if, (4.7) holds. The
constitutive assumption (5.5) therefore violates the modelling
axiom of Section 3 which states that the linear theory should be
fully recoverable from the non-linear in the absence of experimen-
tal data to suggest otherwise and therefore will be rejected as a
physically realistic model of slight compressibility for anisotropic
materials. As demonstrated by Vergori et al. (2013), this violation
has an easily interpreted physical consequence: a hydrostatic ten-
sion causes a hydrostatic expansion for inﬁnitesimal deformations
which seems at variance with our intuitive expectation of how a
ﬁbre-reinforced material should behave. Indeed, it was shown by
Vergori et al. (2013) that hydrostatic tension always results in
hydrostatic strain for the standard representation of slight com-
pressibility, even for non-linear deformations, if it is coupled with
the condition that when I	4 < 1 the material behaves isotropically,
intuitively reﬂecting the notion that there is no mechanical contri-
bution from the ﬁbres when compressed. Ní Annaidh et al. (2013)
observed that, for hyperelastic models of elastic arteries, a cube
deforms into another cube. Thus it seems that even for possibly
the simplest conceivable experiment, that of hydrostatic tension,
commercial Finite Element codes cannot predict physically realistic
response for transversely isotropic elastic materials. Some alterna-
tive models of slight compressibility that are consistent with the
linear theory are proposed in Section 7.6. The standard model and the hydrostatic tension of a cube
Vergori et al. (2013) have shown that the hydrostatic tension or
compression of a slightly compressible sphere of a transversely iso-
tropic material modelled by the standard model (5.5) results in the
spherical shape being maintained under loading, on restriction to
inﬁnitesimal deformations. It will now be shown that this invari-
ance of shape under hydrostatic tension or compression is always
true for cubic specimens, regardless of the size of the deformation,
thus explaining the Finite Element simulations of Ní Annaidh et al.
(2013).Consider then the problem of a hydrostatic Cauchy stress of
amount T exerted on the faces of a transversely isotropic cube,
whose ﬁbres are aligned parallel to one set of parallel faces. This
is essentially a thought-experiment, being very difﬁcult to imple-
ment practically, yet seems the most natural to consider when
studying the modelling of slight compressibility. Assuming that
the resulting deformation is homogeneous, let kf denote the stretch
in the direction of the ﬁbres, with the two stretches in the perpen-
dicular direction being identical of amount k. It therefore follows
from (2.2) that for a general compressible material
JT ¼ 2W1k2f þ 4W2k2k2f þ 2W3k4k2f þ 2W4k2f þ 4W5k4f ;
JT ¼ 2W1k2 þ 2W2k2 k2 þ k2f
 
þ 2W3k4k2f ; ð6:1Þ
where J ¼ k2kf . Subtraction yields
W1 k
2
f  k2
 
þW2k2 k2f  k2
 
þW4k2f þ 2W5k4f ¼ 0; ð6:2Þ
the determining equation for the relationship between the two
stretches. For the standard model of slight compressibility given
in (5.5), this equation becomes
W1J2=3 k2f  k2
 
þW2J4=3k2 k2f  k2
 
þW4J2=3k2f
þ 2W5J4=3k4f ¼ 0; ð6:3Þ
which is independent of the volumetric component of the strain-
energy function. This equation can be re-written as
W1x4=3 x2  1
 þW2x2=3 x2  1 W4x4=3  2W5x8=3 ¼ 0;
x  k
kf
; ð6:4Þ
where now
I	1 ¼ x4=3 1þ 2x2
 
; I	2 ¼ x2=3 2þ x2
 
; I	4 ¼ x4=3; I	5 ¼ x8=3:
ð6:5Þ
Noting that
~W0 xð Þ¼ 4
3x
W1x4=3 x21
 þW2x2=3 x21 W4x4=32W5x8=3 ; ð6:6Þ
where ~W xð Þ  W x4=3 1þ 2x2 ; x2=3 2þ x2 ; x4=3; x8=3 , (6.4) can
be written more succinctly as
~W0 xð Þ ¼ 0: ð6:7Þ
It follows from (6.6) and the initial condition (5.7)3 that x ¼ 1 is a
solution to (6.7), which is the isotropic solution with k ¼ kf . If
~W xð Þ is a convex function, it follows that x ¼ 1 is the unique solution
to (6.7). Therefore the standard model of slight compressibility pre-
dicts that when a transversely isotropic cube is subjected to hydro-
static tension or compression, the deformed state is also a cube. This
prediction certainly seems unphysical as one would expect a contri-
bution from the reinforcing ﬁbres, particularly in tension and seems
a serious defect of the standard model.
The deformation of a single cubic element of dimensions
1  1  1 m3 under hydrostatic tension has been simulated in
two ﬁnite element packages: Abaqus v6.12 and FEBio v1.8
(Maas et al., 2012). The material was assumed transversely isotro-
pic with ﬁbres in the x-direction (see Fig. 1). Boundary conditions
were applied to the nodes on the faces at x ¼ 0; y ¼ 0 and z ¼ 0
to allow the cube to expand but prevent it from translating.
In Abaqus, the following Holzapfel–Gasser–Ogden strain
energy function was used:
W ¼ C10 I	1  3
 þ 1
D
J2  1
2
 lnðJÞ
 !
þ k1
2k2
eðI
	
41Þ
21 ð6:8Þ
with C10 ¼ 1 Pa, D ¼ 1 103 Pa1 and k1 ¼ k2 ¼ 1. A hydrostatic
tension of 1000 Pa was applied to the faces of the element
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using the Standard (implicit) solver. It was observed that the cube
deformed into another cube, as shown in Fig. 1. Equal stretches of
1.17 were obtained in each direction.
The same analysis was performed in FEBio. The following
uncoupled transversely isotropic Mooney–Rivlin strain-energy
function introduced by Weiss et al. (1996) was used:
W ¼ C1 I	1  3
 þ C2 I	2  3 þ K2 lnðJÞð Þ2 þ FðI	4Þ ð6:9Þ
with FðI	4Þ deﬁned as
k	
@F
@k	
¼ C3 eC4ðk	1Þ  1
  ð6:10Þ
with I	4 ¼ ðk	Þ2. The following parameter values were used:
C1 ¼ 1 Pa, C2 ¼ 2 Pa, K ¼ 1000 Pa, C3 ¼ 1 Pa, C4 ¼ 1. A hydrostatic
tension of 300 Pa was applied to the cube. Once again, it was veri-
ﬁed that the cube deformed into another cube with uniform
stretches of 1.21.
7. Alternative models
Before viable representations of slight compressibility are con-
sidered, a seemingly natural model will ﬁrst be removed from con-
sideration. Merodio and Ogden (2003, 2005) have proposed the
following additive decomposition of the strain-energy function
for transversely isotropic materials into isotropic and anisotropic
parts:
W ¼Wiso I1; I2; I3ð Þ þWan I4; I5ð Þ: ð7:1Þ
These models suggest the attractive possibility of modelling slight
compressibility using the isotropic invariants only and thereby
extending the standard models of slightly compressible, isotropic
elasticity to anisotropy by simply adding functions of anisotropic
invariants using models, for example, of the formFig. 1. Superposition of the initial and ﬁnal states of the simulation showing that in
Abaqus, a transversely isotropic cube under a hydrostatic tension deforms into
another cube.W ¼ f Jð Þ þWiso I	1; I	2
 þWan I4; I5ð Þ: ð7:2Þ
However, a direct substitution of (7.1) shows that for these materi-
als the following identity is identically satisﬁed:
W14 þ 2W24 þ 2W15 þW34 þ 4W25 þ 2W35 ¼ 0 ð7:3Þ
and therefore the right-hand side of (3.9)4 is identically zero. This
means that a necessary condition for (7.1) to hold is that
E0 m m0  mm0ð Þ þ Em20 ¼ 0;
which therefore means that the linear theory is not fully recover-
able and that (7.1) is not an allowable model of slightly compress-
ible, anisotropic materials.
The goal here is to provide a rational approach to the modelling
of slight compressibility for nonlinear, transversely isotropic, elas-
tic materials, while maintaining as much of the structure of the
standard compressible model (5.5) as possible to take advantage
of the extensive computational infrastructure already in existence.
To achieve this, use will be made of the following equivalence
noted earlier by Sansour (2008) and Ní Annaidh et al. (2013): if
W ¼W I1; I2; I3; I4; I5ð Þ, then
trr ¼ 3f 0 Jð Þ ð7:4Þ
if, and only if,
W ¼ f Jð Þ þW I	1; I	2; I	4; I	5
 
: ð7:5Þ
It is immediately evident then that hydrostatic tension of the cur-
rent standard model of slight compressibility causes a volume
change that is independent of the anisotropy of the material, echo-
ing the conclusions of Vergori et al. (2013). Another equivalence
result will be used here to propose a model of slight compressibility
for anisotropic materials. In order to preserve as much as possible of
the structure of the standard model of slight compressibility (7.5), a
constitutive assumption based on the form of trrwill again be used
but now a dependence on the anisotropic invariants will also be
assumed. Speciﬁcally it will be assumed that for all deformations
trr ¼ f I3ð Þ þ g I4ð Þ; ð7:6Þ
where f ; g 2 C1 0;1ð Þ. Noting (2.5), this results in the following lin-
ear partial differential equation in W:
2I1W1 þ 4I2W2 þ 6I3W3 þ 2I4W4 þ 4I5W5
¼ I1=23 f I3ð Þ þ I1=23 g I4ð Þ: ð7:7Þ
The solution to the homogenous equation is given by
Wh ¼ W I	1; I	2; I	4; I	5
 
; arbitrary W;
while a particular integral is given by
Wp ¼ A I3ð Þ þ I1=23 B I4ð Þ;
where
A ¼
Z
f I3ð Þ
6I1=23
dI3; B ¼ 1
2I3=24
Z
g I4ð ÞI1=24 dI4:
Therefore (7.6) holds if, and only if,
W ¼ A I3ð Þ þ I1=23 B I4ð Þ þW I	1; I	2; I	4; I	5
 
: ð7:8Þ
This form is therefore proposed as a viable, simple generalisation of
the standard form (5.5). To ensure zero strain energy and stress in
the reference conﬁguration, it will be required that
A 1ð Þ þ B 1ð Þ þW0 ¼ 0;
6A0 1ð Þ þ 3B 1ð Þ þ 2B0 1ð Þ ¼ 0;
B0 1ð Þ þW04 þ 2W05 ¼ 0: ð7:9Þ
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given by
36A00 1ð Þ  9B 1ð Þ  16B0 1ð Þ  4B00 1ð Þ ¼ E
2
0 1 mð Þ  2EE0 2þ m0ð Þ
2Em20 þ E0 m 1ð Þ
;
W01 þW02 ¼
E
4 1þ mð Þ ;
W05 ¼
2l0 1þ mð Þ  E
4 1þ mð Þ ;
5B0 1ð Þ þ 2B00 1ð Þ ¼ EE0 1 m0ð Þ þ E
2
0 m 1ð Þ
2 2Em20 þ E0 m 1ð Þ
  ;
B00 1ð Þ þW044 þ 4W045 þ 4W055 þ 2W05
¼ EE0 1 2mþ 2m0 þ 2mm0ð Þ  3E
2m20 þ E20 m2  1
 
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  : ð7:10Þ8. Speciﬁc forms for the compressibility functions
Speciﬁc forms for the compressibility functions A; B are now
proposed. First note that for the strain energies of the form (7.8)
trr ¼ 6I1=23 A0 I3ð Þ þ 3B I4ð Þ þ 2I4B0 I4ð Þ: ð8:1Þ
The very limited experimental data available on the compressibility
of non-linear materials will be used together with this relation to
motivate speciﬁc forms for the compressibility functions.
Despite the crucial need for accurate and reliable data on the
compressibility of soft tissue, there is dearth of results in the liter-
ature. There are two exceptional studies, both of which suffer from
some deﬁciencies if one wishes to model the compressibility of
anisotropic, soft tissue. Carew et al. (1968) measured the volume
change that accompanies the internal pressurisation of dog arteries
and found that the volume change is much less than 1%. Although
this measurement of the size of the volume change is extremely
valuable, the corresponding experiments involve inhomogeneous
deformations and are therefore of limited interest from a constitu-
tive modelling perspective. Chuong and Fung (1984) conducted
uniaxial compression experiments on rabbit thoracic arteries to-1 -0.5 0 0.5 1 1.5 2
-2.4
-1.6
-0.8
0.8
1.6
2.4
Fig. 2. A plot of the function f ðxÞ ¼ 2:8x4=3  0:8x10observe their compressibility but their one-dimensional nature
prevents these experiments from yielding information about the
interaction between compressibility and anisotropy which is of
interest here. By far the most sophisticated measurements of the
compressibility of non-linear elastic materials were performed by
Penn (1970), who measured the volume change accompanying
simple tension experiments on vulcanised rubber. Volume changes
much smaller than 1% were observed in specimens stretched by
100%. Horgan and Murphy (2009) showed that Penn’s data are con-
sistent with a linear relationship between stress and volume
change.
Motivated by these data, it will be assumed here that the trace
of the Cauchy stress is a linear function of volume change. Simi-
larly, in the absence of experimental data to suggest otherwise, it
will also be assumed that the trace of the Cauchy stress is a linear
function of the ﬁbre stretch, motivated both by analogy with the
volume change assumption and the fact that the ﬁbre stretch in
typical experiments will only be inﬁnitesimal and therefore well-
approximated by a linear function. Consequently it will be
assumed that
6I1=23 A0 I3ð Þ ¼ 6a I1=23  1
 
;
3B þ 2I4B0 I4ð Þ ¼ 12b I1=24  1
 
; ð8:2Þ
where material constants are denoted by Greek symbols, and
therefore
A I3ð Þ ¼ a I3  2I1=23
 
þ c;
B I4ð Þ ¼ b 3I1=24  4
 
þ dI3=24 ð8:3Þ
noting that (7.9)2 is identically satisﬁed. Requiring that
A 1ð Þ ¼ B 1ð Þ ¼ 0 then yields
A I3ð Þ ¼ a I3  2I1=23 þ 1
 
¼ a I1=23  1
 2
;
B I4ð Þ ¼ b 3I1=24  4þ I3=24
 
: ð8:4Þ
It now follows from (7.10)4 that2.5 3 3.5 4 4.5 5
x
=3  2x14=3, with the maximum point indicated.
Fig. 3. Plots of the relationships between the two stretches in hydrostatic tension
and/or compression for both the standard compressibility model (continuous line),
which yields an isotropic response, and the new proposed model plotted as a
dashed line.
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2
0 m 1ð Þ
12 2Em20 þ E0 m 1ð Þ
  ð8:5Þ
and then, from (7.10)1, that
a ¼  EE0 1þ m0ð Þ
6 2Em20 þ E0 m 1ð Þ
  : ð8:6Þ
Alternatively, these expressions for a; b in terms of the material
constants could have obtained directly from the strain coefﬁcients
for the linear form of trr given in (4.5). Assuming that the material
constants are known, then the chosen compressibility functions are
fully determined and the following strain-energy function is
therefore proposed as a model of slightly compressible, transversely
isotropic, non-linear elasticity:
W ¼ a I1=23  1
 2
þ bI1=23 3I1=24  4þ I3=24
 
þW I	1; I	2; I	4; I	5
 
:
ð8:7Þ
Setting b  0 recovers a typical form of the standard compressibility
model that is currently widely used. It follows from (7.9), (7.10) that
the deviatoric part of the strain-energy function must satisfy the
following conditions in order to satisfy zero initial conditions in
the reference conﬁguration and to ensure compatibility with the
linear theory:
W0 ¼ 0; W04 þ 2W05 ¼ 0; W01 þW02 ¼
l
2
; W05 ¼
l0  l
2
;
W044 þ 4W045 þ 4W055 ¼
3EE0 m0 þ mm0  mð Þ  3E2m20
4 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  þ l l0: ð8:8Þ9. The new compressibility factor and hydrostatic tension
To investigate the effect of the new compressibility factor b, the
problem of a hydrostatic Cauchy stress of amount T exerted on the
faces of a transversely isotropic cube, whose ﬁbres are aligned par-
allel to one set of parallel faces, will again be considered. The deter-
mining equation for the relationship between the lateral and ﬁbre
stretches, k and kf respectively, is given for all materials by (6.2).
For the new model of slight compressibility given in (8.7), this
equation becomes
~W 0 xð Þ
2x
¼ b k4f  1
 
ð9:1Þ
using the notation of Section 6. It follows immediately from the
assumed convexity of ~W xð Þ and the fact that ~W0 1ð Þ ¼ 0, that, if asolution to this equation exists for a given kf – 1 and b > 0, then
x 1ð Þ kf  1
 
> 0.
To make further progress both the form of the deviatoric part of
the strain energy and a physically realistic value for b must be
speciﬁed. First note that b ¼ j2=12, where j2 is a bulk modulus
deﬁned in Section 4. Using the j2 value given in (4.11), a physically
realistic value for b is therefore 37. This value for j2 was obtained
from simple asymptotics and using values for material constants
for muscles obtained by Morrow et al. (2010) from simple tension
tests. The values for the parameters E; E0; m; m0 given in (4.9),
(4.10) will also be used here for illustrative purposes, assuming
additionally that l0 ¼ 4 kPa, a value proposed by Morrow et al.
(2010) to match their data obtained from testing in shear of the
extensor digitorum longus muscles of rabbits. To simplify the anal-
ysis, the following particularly simple form of the deviatoric part of
the strain-energy function is chosen:
W I	1; I	2; I	4; I	5
  ¼ c1 I	1  3 þ c2 2I	4  I	5  1 
þ c3 I	4  1
 2
; c1; c2; c3 constants; ð9:2Þ
where, in order to satisfy (8.8),
c1 ¼ l2 ; c2 ¼
l l0
2
; c3  c2 ¼ 3EE0 m0 þ mm0  mð Þ  3E
2m20
8 1þ mð Þ 2Em20 þ E0 m 1ð Þ
  :
The values of these material parameters, in kPa, for the chosen val-
ues of E; E0; m; m0; l0 are therefore
c1 ¼ 2:8; c2 ¼ 0:8; c3  c2 ¼ 1:0: ð9:3Þ
The deﬁning Eq. (9.1) therefore becomes for this material
f ðxÞ  2:8x4=3  0:8x10=3  2x14=3 ¼ 55:5 k4f  1
 
: ð9:4Þ
The nature of the solutions to this equation is most easily explored
by ﬁrst considering the plot of f ðxÞ in Fig. 2, an important feature of
which is the maximum value 1.12 occurring at x ¼ 1:48.
Therefore there are three possibilities for solutions to (9.4):
1. if kf > 1þ 1:1255:5
 1=4  1:005, there are no solutions;
2. for kf 2 ð1;1:005
, there are two solutions;
3. if kf 6 1, there is a unique solution.
The upper limit on allowable ﬁbre stretches means that the
model (9.2), (9.3) is not appropriate whenever kf > 1:005 and
alternatives must therefore be sought. Since one would also expect
only an inﬁnitesimal contraction of the ﬁbres before buckling, (9.4)
is therefore only solved for kf 2 ½0:995;1:005
. The solution curve
for this range of ﬁbre stretches, with the smaller of the two
solutions for ﬁbre stretches in the range (1,1.005] chosen, is given
in Fig. 3, together with the isotropic response predicted by the
standard model.
The two plots clearly demonstrate the more physically realistic
response in hydrostatic tension and compression for the model
proposed here: in tension, the transverse stretch is larger than
the ﬁbre stretch and smaller in compression. This is in contrast
to the current standard model of slight compressibility which
predicts that the two stretches should be the same.Acknowledgements
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